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Abstract 

In this work we find the general static vacuum solution of three dimensional gravity with 
negative cosmological constant. Even though all solutions are locally diffeomorphic to pure 
AdS^, solutions that differ globally from the latter space exist. New solutions with black holes 
on the AdS^ boundary are found in both global and Poincare coordinates. In the Poincare 
coordinates such solutions are known as black funnels and black droplets. The black funnel 
provided by our general static metric is dual to the Hartle-Hawking state in the 1 + 1 boundary 
theory. 



1 Introduction 


The general theory of relativity simplifies significantly in three dimensions and so the search 
for exact solutions becomes less difficult compared to higher dimensions. The reason behind 
this simplification is that three dimensional gravity has no dynamical degrees of freedom 
- there are no gravitational waves - and hence matter sources can not influence the local 
geometry around them, but they can, nevertheless, have global effects on the geometry mm- 
In three dimensions with zero cosmological constant, the geometry outside matter sources 
is flat, but yet, a point-like matter source, for instance, will make the global geometry that 
of cone [I]. A similar thing happens when the cosmological constant is non-vanishing; the 
space is locally dSs or AdSs for positive or negative cosmological constant respectively, but 
the spaces can be different globally (e.g., see mmmM)- 

In this paper we focus on three dimensional gravity with negative cosmological constant, 
and we find the general static vacuum metric. The general solution includes metrics that 
differ globally from AdSa by containing horizons. The general solution includes a very 
interesting family of black hole solutions. Those black holes can be viewed as extended black 
objects embedded in global AdSs. More precisely, they describe horizons that extend from 
the boundary of AdSa down into the bulk to encircle a Schwarzschild-AdS black hole located 
in the center (see Fig. i) In Poincare coordinates the latter solution is viewed as a black 
hole extending from the boundary of AdSa down into the bulk, and connecting (or merging) 
with a planar black hole that is located in the infrared (see the left figure in Fig.[^); it is the 
so-called black funnel solution PEj. The general solution includes also another interesting 
class of solutions; a black hole that dangles from the boundary of pure AdSs and closes off at 
some point in the bulk (see Fig.j^). This solution could be termed a black droplet, although, 
in general, a black droplet solution contains a central bulk black hole in addition to the 
droplet. 

One of the interesting features of those solutions is that they induce a black hole metric on 
the AdSs boundary. According to the AdS/CFT correspondence, [3 [9], those 3—dimensional 
gravitational solutions are dual to 1-1-1 conformal field theories living on curved backgrounds. 
In other words, they are dual to hawking radiation from 2—dimensional black holes at large 
N and at strong coupling (see PElEo] for details). As we will see in the bulk of the paper 
the black funnel solution provided by our general static metric is dual to the Hartle-Hawking 
state; the boundary black hole and the plasma are in thermal equilibrium. 

The paper is organized as follows. We start in sectionby giving a very short introduction 
to strongly coupled field theories in black hole backgrounds and their gravitational duals - 
black funnels and black droplets. In section we introduce the basic set up and the main 
results. We give the general static metric in AdSs, we analyze the possible horizon shapes, 
and then we focus on the black funnel solution. In section]^ we focus on the 1-1-1 boundary 
metric of the black funnel, and we compute its holographic stress tensor. We give the details 
of the derivation of the general solution in appendix . 
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2 Black funnels and black droplets 



Deformed planar black hole 


Figure 1: Left: This is a black funnel. Note how the horizon extends from the boundary of AdS 
and merge with the planar black hole in the bottom in a shoulder-like configuration. Right: This is 
a black droplet. The horizon extends from the boundary of AdS downwards and it caps off before it 
reaches the planar black hole which gets a slight deformation. 

In the last few decades, the study of quantum fields in black hole backgrounds focused on 
weakly coupled fields (see mm for reviews). Very little was known about strongly coupled 
fields. Fortunately, after the advent of the AdS/CFT correspondence [U [9] it has become 
possible to study and learn about strongly coupled quantum field theories as the AdS/CFT 
correspondence constructs a one-to-one map between weakly coupled theories of gravity on 
AdS spacetimes and strongly coupled conformal field theories living on the boundary of AdS. 
For pure AdS for example the induced metric on the AdS boundary is Minkowski and thus 
one would say that the field theory is living in flat space. In fact, one can use the AdS/CFT 
correspondence to study the more general situation of strongly coupled fields on black hole 
backgrounds and that is by looking for black hole solutions in AdS with horizons that extend 
to the boundary, thus inducing a black hole metric on the boundary of AdS where the dual 
field theory lives. Two types of such solutions were conjectured to exist [6]; black funnels and 
black droplets. Black funnels are black holes with connected horizons that extend from the 
boundary to horizon of the planar Schwarzschild-AdS geometry - they connect with the planar 
black hole horizon in a shoulder-like configuration (see Fig. [^). Black droplets, on the other 
hand, are black holes with disconnected horizons, that is, they extend from the boundary of 
AdS down to some point in the bulk where they close off (or cap off) in a smooth way before 
they reach the planar black hole horizon; the planar black hole gains some deformation as 
a result of the droplet suspended above it (see Fig.[^). Black funnels and droplets are the 
gravitational duals of different vacuum states of AA = 4, SU{N) super Yang-Mills theory on 
black hole backgrounds, at large N and large ’t Hooft coupling. There are some physical 
differences between them though. Black funnels (as the horizon is connected) are dual to 
a deconfined plasma which is strongly coupled to the boundary black hole, that is, energy 
trasfer is quick between them, of order 0{N‘^). Black droplets on the other hand (as the 
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two horizons in the bulk are disconnected) are dual to a deconfined plasma which is coupled 
weakly to the boundary black hole, that is, energy transfer is slow between them, of order 
0(1) (see jnilTni for further details). In general, the temperature of the boundary deconfined 
plasma can be different from the temperature of the boundary black hole, depending on 
the sizes of the planar black hole and the boundary black hole, respectively. If the two 
temperatures are equal this is dual to the Hartle-Hawking vacuum state, describing thermal 
equilibrium betweem the plasma and the boundary black hole (in this paper and in [6] there 
are examples of such states). If the two temperatures are different this is the dual of the 
Unruh or the Boulware vacuum states; those are out of equilibrium states (see [nmiiiis] 
for examples). 

3 Main Results 

The equations we are interested to solve in this paper are the Einstein equations with negative 
cosmological constant in three dimensions. Namely, 

E/iu ~ = 0 , (3.1) 

where — ^Rgij,y is the Einstein tensor, and L is the radius of curvature. One can 

rewrite the above equations as. 


R 


liv — 



(3.2) 


The known static (and non-singular) solutions of the above equations are pure AdSa and 
Schwarzschild-AdSa. In global coordinates the Schwarzschild-AdSa metric is given by. 


ds^ = - - M) dt^ + + r'^dO '^, (3.3) 

where M is the mass parameter of the black hole, and it is dimensionless in 3 dimensions. This 
is the non-rotating BTZ black hole m- Note that the pure AdSs metric can be obtained 
from the Schwarzschild-AdSs metric by making the mass negative with the specific value 
M = —I (see [IS]), 

ds"^ = - if'I + l) dt^ + . (3.4) 

It is to be emphasized that the above solutions are spherically symmetric (the solutions 
depend only on the radial coordinate r) whereas the general solution we are going to give 
below is not spherically symmetric - it is the general static metric that depends on the two 
spatial coordinates r and 0. 
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3.1 The General Static Solution 


The general static solution we have found is given by the metric (the derivation is given in 
appendix Q , 


ds‘ 




('"“ + ' yi - ML2> ) - M 




+ r^de^ 


(3.5) 


where To, Ti, and A 2 are arbitrary constants. One can clearly see that this metric contains 
a horizon as the component gu can be made zero along some specific contour r{9). Note 
that if the constant Aq is not zero then it can be set to one, Tq = 1 , by a rescaling of the 
time coordinate. The physical meaning of the constants Ai and A 2 is that they (as we will 
see in details as we proceed) play a role in determining the location of the horizon. Note, 
furthermore, that this solution must be required to be periodic in the coordinate 9. It worth 
noting as well that the Schwarzschild-AdSs black hole is obtained from the above general 
metric by taking Tq = 1 and Ti = T 2 = 0 . 

Now we will focus on the case with non-vanishing To (so we set To = 1) and we will 
analyze the following solution, 




(rV^^ - M) 



V^l - ML'^/r^ 


2 

dt^ + 


dr"^ 

- M 


+ r^dd^ 


(3.6) 


where the upper sign refers to the range 0 < d < vr while the lower sign refers to the range 
—TT < d < 0. Notice that we have chosen the constants Ti and T 2 so as to make the solution 
periodic in d (as it should) and symmetric around d = 0. For d G [0, vr] we have taken 
Ti = — A 2 = 0 and for d G [—ti", 0] we have taken Ti = 0, T 2 = It is 

important to notice that d = ±do are the locations of the boundary horizon since for r —?• 00 
the component gu vanishes there. The location of the (bulk) horizon is obtained by solving 
the equation gu = 0. For the metric (3.6) the location of the (bulk) horizon is given by the 
equation, 

Vml 


rH{9) = 


(3.7) 


and it is illustrated in Fig.[^ which shows how this space is embedded in global TdS' 3 . The 
alert reader will note that the metric (3.6) exhibits a discontinuity in the derivative at d = 0; 
this singularity, however, is not a problem as it is hidden inside the horizon. 

Another interesting subcase to stop at is the case with M = — 1, which reads. 


ds^ = - if' + 1) ( To -h 


ai cos d -|- 02 sin d 
"’^1 + 


dt^ -b 


dr^ 


+ 1 


+ rM9^ 


(3.8) 


where oi and 02 are arbitrary constants (they are linear combinations of the arbitrary con¬ 
stants Ti and T 2 ). Here also the metric contains a horizon as the component gu can be made 
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zero along some specific contour r{6). Next we will focus on the case with = 1- Without 
loss of generality we can take 02 = 0, Q 


ds^ = -{r^/L^ + l)(l + 


ai cos 6 


dt^ + 




^2IJ2 I 




(3.9) 


The location of the (bulk) horizon is obtained by solving gu = 0. For the metric (3.9) the 
horizon’s location is given by the equation: 


L 


rn = 


of cos^ 9 — 1 


(3.10) 


provided that ai > 1 (otherwise there is no horizon). See Fig.j^ which shows how this space 
is embedded in global AdS^ and to see how the horizon looks like. This solution can be 
viewed as pure AdSs with a black hole that extends from the boundary and closes off at some 
point in the bulk - a black droplet in pure AdSa. 

It is worth to mention briefly at this point the case Aq = 0. One can easily check that 
then the solutions (3.5) and (3.8) are characterized by having boundary metrics of constant 
negative/positive curvature respectively. 



Figure 2: The coordinates (t, r, 9) are shown in the figure. On a constant time slice the bulk horizon 
is pointed out. The dotted points 1 and 2 are the locations of the boundary black hole horizon. The 
point 3 lies on the AdSa boundary outside the black hole, while the point 4 lies inside. The surface 
r = '/ml (the cylinder) is also specified in the figure. It is worth to stress the generic feature that 
the bulk horizon never touches the surface r = /ML. 


'^The expression ai cos 9 + a 2 sin 6 is equal to a cos{9 + b) for some a and b. The constant b corresponds to a 
shift in the coordinate 9 (it corresponds to the location of 0 = 0 along the circle) and so we can set it to zero. 
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Figure 3: On a constant time slice the bulk horizon and the boundary of AdSs are pointed out. The 
points 1 and 2 are the locations of the boundary black hole horizon. The point 3 lies outside the 
horizon, while the point 4 lies inside. 


Finally, we would like to mention that the black hole solutions provided above have no 
singularities inside their horizons; recall that the same is true for the BTZ black hole for it 
has no singularity at r = 0 (e.g., see HI)- 


3.2 Black Funnels 


To connect this story to black funnels take the metric ( |3.6[ ) and uncompactify the 9 

coordinate. That is, define a new coordinate x hy x = L9 and let the range of x be (—oo, oo). 
The metric that we will get is, 

+ ^ - (1 - MLyr^) \1-—, __ I df + dx^^ ,(3.11) 


ds^ = 


Lp‘dr‘^ 


r2(l-ML2/r2) 


( p=F\/a1(3;=fxo)/L \ ■ 

- (1 - MLVr^) 1 - ", 

^ \ v^l -ML2/r2 j 


where xq = LOq and here again the upper and lower signs refer to x > 0 and x < 0, 
respectively. We are going to argue next that this metric describes a black funnel. Note first 
that this metric reduces to the planar black hole metric for large |x| as is expected from a 
black funnel. What makes it obvious that it is a funnel is the shape of the horizon. 


rn = 


y/ML 


(3.12) 


which is manifestly of a funnel shape (see plots in Fig.j^). The alert reader will note that 
the metric (3.11) exhibits a discontinuity in the derivative at x = 0; this singularity, however, 
is not a problem as it is hidden inside the horizon. 
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Figure 4: Left: This is a black funnel, r = oo is the AdSa boundary, xq and M are free parameters. 
2xo is the size of the boundary black hole. M is the mass parameter of the planar black hole which the 


funnel reduces to at large |a:|. Right: This is a normalized plot of the function rn^x) - see eq.(3.12) 
- describing the location of the horizon in the r — x plane. We have plotted as a function of 

the normalized coordinate Note that ^ oo at x = zLxq where in this figure we have chosen 

xq = ^/ML/2 for the sake of illustration only. 


To understand better the thermodynamic aspects of the black funnel we find it useful to 
compute its temperature. We find its temperatnre (computed on constant r slices) to be, 


T = — 

27rL ^ ' 

The temperature of the boundary black hole is obtained by taking the limit r 
which it becomes, 

y/M 


T = 


2'kL 


(3.13) 


oo, upon 


(3.14) 


which, interestingly, equals exactly the temperature of the planar black hole. Physically this 
means that there is a thermodynamic equilibrium between the boundary black hole and the 
planar black hole in the bulk; in special there is no heat flow in the funnel from the boundary 
to the bulk or vice versa. From the boundary theory point of view this is viewed as a thermal 
equilibrium between the plasma and the boundary black hole, or, in other words, this is seen 
as the Hartle-Hawking state mm- This last point explains the reason behind the fact that 


the temperature (3.14) does not depend on the size of the boundary black hole xq; to have a 


static solntion there must be no heat flow between the plasma and the boundary black hole, 
and so their temperatures must be equal. If the temperature of the boundary black hole 
were different from that of the plasma (that is, if it depended on xq) then there would be a 
heat flow between the two, and in special this would break staticity (this would be an out of 
equilibrium state such the Unruh state). 
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4 Boundary Metric and Holographic Stress Tensor 


In this section we are going to focus on the black funnel metric (3.11)^ One can easily check 
that the boundary metric for the black funnel is, 

2 


dsl+i = 


= — ^1 — dt^ + dx^ . 


(4.1) 


Obviously this is an asymptotically flat metric with a horizon at x = ztxo- The boundary 
stress tensor is readily computed from the metric (3.11) using the prescription of irzQ 


Tab = 


SttGs 


©aft T ^'Jab 


(4.2) 


where 'yab is the induced metric on an r = constant surface, Qab = {^aUb + Vbna)/2 is the 
extrinsic curvature of that surface, where Ua is an outward pointing normal vector to the 
surface. The non-vanishing components of the boundary stress tensor turn out to be, 


Tu = 


M 


WttG^L 


- g=F\/A?(2:=Fa;o)/iy 


T — 

-‘-XX — 


M 


IbTrGsL 


coth 


VM{x =f xo) 


2 L 


(4.3) 


±oo the stress tensor reduces to the one of a planar black 
M 


As a first check, note that for x 
hole as it should, that is, it reduces to Tu = T^x = • This is an expected result since 

far away from the neck of the funnel (x —)> ±oo) the spacetime reduces to that of a planar 
black hole. On the other hand, for x —)> ±xo, we see that, 




0 , 


oo. 


(4.4) 


and so we see that there is a diverging component in the stress tensor. The trace of the stress 
tensor is, 


TU = r'^Tau = 


M 


1 


(4.5) 


^ SttGsL _ 1, 

and as can be easily seen the trace diverges as x —?• ±xo; therefore, we conclude that the 
divergency of the stress tensor at the boundary black hole horizon is coordinate independent. 
The interpretation of this divergency from the CFT point of view is left for future work. 
Regarding the trace anomaly, one can check that the Ricci scalar of the boundary metric is, 

2M 


R = 


^g±N/M(a;=Fa;o)/L - ^2 ’ 


and hence the stress tensor satisfies with c = as it should [T7]. 

Now we turn to discuss some points concerning the structure of the bounc 


(4.6) 


ary metric. 


As can be seen from the Ricci scalar (4.6) there is a singularity at x = ±xo, that is, the 


The same treatment applies equally to the metric (3.61 since the two metrics are related by the simple 
replacement x = L6 

^Our notations introduce a minus sign difference from m in &ab- We use the notations of m, not of m, 
and therefore we have a minus sign difference in the Riemann tensor with respect to |17l [T^ . 

"^According to the conventions of m which introduces a minus sign difference from our result. 




















black hole horizon of the boundary theory is singular. This however does not mean that 
there is something wrong since we know that our bulk 3—dimensional metric is regular with 
no singularities anywhere. In contrast, one notices from the Ricci scalar that there is no 
singularity inside the horizon as the curvature is finite there (also the metric is finite inside 
the horizon). This is similar to the BTZ black hole which has no singularity at r = 0. Finally, 
in order to see clearly that the surface x = ±xo is a horizon look at the limit x —>■ Txq. This 
gives the Rindler space, dsi+i ~ —^{x^xo)‘^dt‘^+dx'^, which, as is well known, has a horizon 
at X = Txq. 


5 Discussion 

In this work we have obtained the general static metric in AdSa. It is important to compare 
our results with those obtained in [20]. In the paper [20) the authors had found the general 
static metric in AdSs given an arbitrary boundary metric. In our work, however, the boundary 
metric is not arbitrary but it is restricted to a certain class of metrics. We conclude from 
this that the source of this difference is that the authors in |20| did not fix the gauge of 
their solution completely; the metric that they provided has a gauge redundancy in it, and if 
this remaining gauge freedom is fixed then the boundary metrics will be restricted to some 
class of metrics as in our work. Moreover, in the work |20j the authors did not discuss the 
horizon shapes of their black hole metrics as we did - we have illustrated how the horizons 
are embedded in global AdSs and we have discussed the important metrics describing black 
funnels. It is also to be said that our method of finding the general metric is different from 
[20j . We have solved the Einstein equations directly while they have resorted to indirect 
methods to do so; they defined an auxiliary scalar field to recover covariance and they went 
to solve some type of a Liouville action. Finally, in the coordinate system we have worked 
with the metric, fortunately, turned out to have a compact and simple form, which makes it 
easy to use and analyze. 

We also want to comment on relevant results and analysis made in PEQj. It is important 
to stress the following point: The fact that any solution to 3—dimensional gravity with 
negative cosmological constant is locally AdS^ does not mean that any solution to the latter 
can be obtained from AdS^ by a coordinate transformation. There could be solutions that are 
globally different from AdS^ by having horizons or by having conical singularities, and those 
can not be obtained from AdSs by a coordinate transformation. Thus the 3—dimensional 
black funnels obtained in igiinj are not the most general funnels since they are obtained 
from the BTZ black hole by a coordinate transformation. 

With some overlap here and there we think that our work together with the work of |2r)| 
and laiini give a complete picture of the subject dealing with static metrics in AdS^. 

It is important also to say some words regarding the stability of the static solutions 
provided in this article. One may wonder if these solutions (and their horizons) are classically 
stable (for example, if the black funnel suffers from a Gregory-Laflamme instability [21) 122]). 
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However, one recalls immediately that in three dimensional gravity there are no dynamical 
degrees of freedom and so any given static solution of the theory is guaranteed to be stable. In 
other words, if we perform the classical stability analysis by solving the linearized equations 
we will discover that there are no time-dependent modes and so all solutions are stable. 
Therefore, the static solutions provided in this article are classically stable. 

We end the discussion by stressing that this paper is a simplified model, or an exercise 
in (2 + l)-dimensional gravity intended to provide insights into its generalization to higher 
dimensions. Looking for funnels and droplets in higher dimensions is a non-easy task and 
that is why it is recommended as a first try to work in lower dimensions where gravity and 
also the CFT simplify signihcantly. 
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A Derivation 

We are interested to find the general static solution of the equations ( |3.1[ ) . The general static 
metric in three dimensions can be put in the form (see Appendix [B] for proof), 

^ x)dr‘^ + guir, x)dt^ + Qxxir, x)dx^ , (A.I) 

where grrir,x) is an arbitrary function. Without loss of generality and for reasons to be 
explained momentarily we choose to write our metric as, 

r2j 2 2 

= r-2 (1 - MLVr2) ^ ~ ' (^-2) 

The motivation for choosing the above general form is that it reduces to the well-known planar 
black hole metric when /(r, x) = g{r, x) = 1 - and hence in special the holographic direction 
r is pointed out. Furthermore, since we are interested in finding black funnel solutions this 
form is appropriate because black funnels are expected to reduce to the planar black hole 
metric in the regions x —)• Too. 


A.I Field Equations 


There are 4 equations to be solved; the components tt, xx, xr, and rr of the field equations 


(3.1). The rest of the equations are automatically satisfied by our general form (A.2) 


The tt component: 

The tt component of the equations of motion (3.1) reads, 

drg _ ^ d^g 
9 drg 


6 r — AML'^/r 
r2 - ML2 


(A.3) 


Note that the metric (A.2l can be put in the Fefferman-Graham form ds‘‘ = {dz^ + gfj_r{x, z)dx^dx’')/ 


by a reparameterization of r. 
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This equation can be easily integrated to give, 


g{r,x) = (^F{x)^/l — ML‘^/r‘^ + G(x)'j 


(A.4) 


where F(x} and G(x) are arbitrary functions of x. 

The XX component: 


The XX component of the equations of motion (3.1) reads, 


drf _ 2^ ^ 6 r 
/ drf~r‘^-ML^' 


(A.5) 


which can be easily integrated, in a similar way to the tt equation, and its solution is 


f{r, x)=( , 

^ ^ \^V^l-ML2/r2 ^ ’) 

where A{x) and B{x) are arbitrary functions of x. 

The xr component: 

After inserting the above solutions for f{r,x) and g{r,x), the xr 
of motion gives, 

F{x)A\x) = G{x)B'{x) , (A.7) 

which, if working carefully, must be divided into two cases. 

Case 1: If B'{x) = 0 then we can not divide by B'{x) and so the xr component reduces to, 


(A.6) 


component of the equations 


F{x)A\x) = 0 

which in turn also splits into two subcases, 

A'{x) = 0 

and 

F{x) = 0 

Case 2: If B'{x) ^ 0 then we can eliminate G 


Case [1] , 

(A.8) 

Case [la] , 

(A.9) 

Case [lb] . 

(A.IO) 


x) by dividing the equation by B'{x), 


Gix) 


F{x)A'{x) 

B'{x) 


Case [2] . 


(ATI) 


The rr component: 

Insert the above solutions for /(r, x) and g{r, x) into the rr component and get the following 
for the different cases. 

For the case [la]: Here we have A'{x) = B'{x) = 0, or equivalently, A = Aq and B = Bq 
where Aq and Bq are arbitrary constants. The rr component of the equations of motion will 
read, 

AqG{x) = BqF{x) . (A.12) 
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For the case [lb]: Here we have B'{x) = F[x) = 0. Take B = Bq where Bq is an arbitrary 
constant. The rr component of the equations of motion will read, 

MAG^ + {A'C - A"G) = 0. (A.13) 

For the case [2]: Here we have B'{x) / 0 and G{x) = F{x)A'{x)/B'{x) and so the rr 
component of the equations will read, 

MF^AA' + B' [-MF^B + {B'F' - FB")] = 0 . (A.14) 

The general solution comes from the case [lb] and from the case [2]. However, it is easier to 
obtain it from the case [lb], and that is what we will do next. In appendix B we will derive 
the general solution from the case [2]. 


A.2 The General Solution (Derived from the Case [lb]) 


The general solution is derived from the Case [lb]. In this case, as mentioned previously, 
B{x) = constant = Bq and F{x) = 0, and the metric reads [see equations (A.2),(A.4),(A.6)], 


ds^ = 


L^dr"^ 


+ 


r2(l-ML2/r2) 


- (1 - ML'^/r^) 


A{x) 


+ Bq ) dF + G{x)‘^dx^ 


y/1 - ML^/r'^ 


(A.15) 

There is one more equation to be satisfied still, the rr component (A.13), which we repeat 
here for the sake of clarity, 


MAG^ + {A'G' - A"G) = 0. 


(A.16) 


Note from (A.15) that setting G{x) = 1 is equivalent to a reparameterization of the x coor¬ 
dinate and so we use this freedom and set 


G{x) = 1. 


Thereafter, (A.16) reduces to the elementary O.D.E, 


A" = ^A 
L2 


(A.17) 


(A.18) 


whose general solution is, 


A{x) = Aie-^^/^ + , (A.19) 

where Ai and A 2 are the two integration constants. Thus, the general solution is, 

L‘^dr^ 


ds^ = 


r2(l-ML2/r2)^L2 


- (1 - ML^/r^) Bq + - 1 df + dx^ 


^1 -ML2/r2 


(A.20) 
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where Bo, Ai and A 2 are arbitrary constants. The constants Ai and A 2 are to be hxed by 
boundary conditions. As for the constant Bq there are two possibilities. The first possibility 
is Bq = (0 and the second is i?o 7^ 0 in which case by a rescaling of the time coordinate we 
can set Bq = 1. Notice next that the coordinate x can be compact or not. Below we discuss 
these two possibilities. 

Non-compact x coordinate: 

In what follows we will take Bq = 1. Take the range of x to be (—00,00) and impose the 
boundary condition that the boundary metric (i.e., at r —>■ 00) is asymptotically flat. Then 
for the region x > 0 we must set A 2 = 0 while for the region x < 0 we must set Ai = 0. We 
also want to require that the solution is symmetric with respect to x = 0. Altogether, the 
solution will read. 


ds'^ 


r2(l - ML‘^/r^)^l? 


(1 - ML^Ir"^) 



V^l -ML2/r2 


2 

dt^ + dx^ 


(A.21) 


It is appropriate to write the constant A as A = ^ locations 

of the boundary horizon (as can be easily checked). Thus we finally have. 


ds^ = 


L2dr2 


^2 


r2(l-ML2/r2) 


- (1 - ML^/r'^) 1 - 


^^\fM(x^xo)/L ' 
y^l -ML2/r2 


dt^ + dx^ 


(A.22) 


which, as discussed in section 3.2, is the metric of a black funnel. See Fig.j^ for the shape of 
the horizon. 

Compact X coordinate: 

If, on the other hand, we take the x coordinate to be compact, it is appropriate to define the 
angle 9 = x/L where 9 G [0, 27r]. Then we have. 


ds2 ^ _ (^2/^2 _ ^ 


Aig-VM0 +A2e^®' 

-ML2/r2 


dr + 


dr 


r2/L2 - M 


+ rd9^ 


(A.23) 


Now we must require (or make sure) that the solution is periodic in 9. There is more than 
one way how to make the solution periodic, and we are going to choose one. We are going to 
choose a solution which is symmetric around 9 = 0, namely, we will take Ai = A, A2 = 0 for 
9 G [0, vr], and Ai = 0, A2 = A for 9 G [—tt, 0]. The solution will read, 


ds'^ 


{r/L^ - M) 



Ae^rMe 

- ML^/r 


2 

dr + 


dr 

rjV' - M 


+ rd9^ 


(A.24) 


®One can check that in this case the solution is characterized by a boundary metric with constant negative 


curvature. 


13 






















where the upper sign refers to the range 0 < 0 < vr while the lower sign refers to the range 
—TT < 0 < 0. It is appropriate to write A a.s A = —a,nd thus we finally have, 


= - (rV^^ - M) 1 - 


^TVM(e^eo) 

-ML2/r2^ 


dt^ + 


(ir2 


- M 


+ r^d6^ , 


(A.25) 


where 6 = ±0o are the locations of the boundary horizon as discussed in section 3.1 


B General Static Metric in Three Dimensions 


Claim: The most general static metric in 3 dimensions can be written as, 

ds2 ^ x)dr‘^ + gu{r, x)dt^ + gxx{r, x)dx^ , (B.l) 

where grr{f-,x) is an arbitrary function. 

Proof: Start from the general form, 

ds^ = grrir, x)dr‘^+2grt{r, x)drdt+2grx{r, x)drdx+gtt{r, x)dt‘^ + 2gtx{r, x)dtdx+gxxir, x)dx‘^ . 

(B.2) 


First, since we are looking for non-rotating solutions we set. 


9rt — 9tx — 0 . 


(B.3) 


Second, it can be easily checked by a straightforward calculation that by a coordinate trans¬ 
formation of the form r = A{r',x'), x = B{r\x') we can make 


9r'x' — 0 1 


and 


g^'r' = arbitrary, 


(B.4) 

(B.5) 


by choosing the functions A and B appropriately. Hence, the metric reduces to, 
ds"^ = gr'r'{r\x')dr'"^ + gu{r\x')dt^ + gx'x'{r',x')dx'"^ , 


(B.6) 


with gj-f^f being arbitrary. By removing the primes over r' and x' we obtain (B.l) as claimed. 


C The General Solution (Derived from the Gase [2]) 


As mentioned before in this case B'{x) ^ 0 and G{x) 
will read [see (A.2),(A.4),(A.6)], 


F{x)A'{x)/B'{x). Thus, the metric 


ds^ = 


L'^dr^ 


r2 
+ ^ 


r2(l-ML2/r2) 


- (1 - ML^jr^) 


A{x) 


y^l -ML2/r2 


+ B{x) dt^ 


dx 


(C.l) 
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There is still one equation to satisfy, namely, the rr component (A. 14), which we repeat here 
for convenience. 


MF^AA' + B' [-MF'^B + {B'F' - FB”)] = 0 . (C.2) 

It is obvious that the function F{x) can not be identically zero, since otherwise Qxx = 0 [see 


(C.l)] and so this metric will be ruled out then. Since T 7 ^ 0 we can by a reparameterization 


of the X coordinate set F = 1. Upon the last step the rr equation (C.2) simplifies and reduces 
to. 


AA' = B' 




(C.3) 


Before solving this equation let us fix some gauge freedom for the sake of simplicity. Look at 
the boundary metric obtained by taking the limit r —?• 00 , 

i/\ 2 

(C.4) 


n / A' \ 

dsi_i_i = — (A + B) dt^ + f 1 + j dx'^ 


and without loss of generality require that it takes the form (recall that any 1 + 1 metric can 
be put in the following form by a coordinate transformation) 


dsl_^_l = —f{x)‘^dt^ + dx^ . 


(C.5) 


Thereafter, we get a set of three equations to solve, (A + B)^ = and (1 + A'/B')^ = 1, 
in addition to AA' = B' B + . Solving these three equations yields two metrics, one 

of which is already known (found) to us while the other looks unfamiliar (new). The new 
metric reads. 


ds^ = 


L^dr'^ 


J.2 

+ 


r2(l-ML2/r2) +2 

+ (^2 - yi - ML‘^/r‘^y dx 




- fix) dF 


where 


fix) = Co + 


(C. 6 ) 


(C.7) 


where Cq, Ci and C 2 are arbitrary constants. For reasons to be explained momentarily we 
will perform the change M —)■ M/3 and so. 


ds^ = 


Lp'dr'^ 


+ 


r2(l-ML2/3r2) ^2 

+ [ 2 - ML'^/'ir'^y dx 


- (1 - ML^/2,r‘^) \ + 3Co - fix)] dF 


where 


fix) = Co + Cie-^^/^ + C 2 F^^B . 


(C. 8 ) 


(C.9) 
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We can compactify the x coordinate by defining the angle 6 = x/L with the range [0, 27r]. 
The solution reads, 

2 


= - (rVL^ - M/3) + 3C„ - /(9)^ dt^ + 

+ r2 (^2- Vl -ML2/3r2)^d02^ 




r'^lL"^ -Mj?, 


where 


f{e) = Co + Cie-^^ + Cae 


Vmb 


(C.IO) 


(C.ll) 


In fact, even though the solutions obtained from the case [lb] and case [2] (namely (3.5) 


and (C.IO) respectively) look to the first sight as different they are physically the same. We 
have concluded that they are the same solution not by finding the coordinate transformation 
which connects them but by checking that the two solutions have the same boundary metric 
and the same boundary stress tensor; recall that, in gravity, given the induced metric 'jab 
and the extrinsic curvature 0^6 (or equivalently Tab) on a Cauchy surface S then a unique 
solution is gauranteed. 
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